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General Solution Procedure for Flows
in Local Chemical Equilibrium
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This study details the derivation and application of an approximate Riemann solver of the Roe type
specifically designed for the numerical simulation of inviscid and viscous flow problems involving general and
virtually arbitrary mixtures of thermally perfect gases in local chemical equilibrium. The solution procedure is
by no means limited to airflows and will be applied to an oxygen/hydrogen mixture as well. A "black box"
solver for the local equilibrium composition of a gas mixture of known density and internal energy is coupled
with the flow solver, which is based on the newly derived flux-difference-split technique. A few test cases,
including both external and internal flows, illustrate the capabilities and the overall efficiency of the flow solver.

Introduction

R ECENT years have witnessed a renewed interest in hyper-
sonic gasdynamics,1 spurred by the desire to build high-

speed commercial aircraft such as the National Aero-Space
Plane (NASP) and to further space exploration. In this con-
text, flow problems involving chemical activity of air and
fuel/oxidizer mixtures have received widespread attention.
Finite rate chemistry calculations have been successfully at-
tempted by several investigators,2 although the computational
requirements associated with three-dimensional simulations
over realistic geometries are very high when many chemical
species and numerous chemical reactions have to be included
in the flow model.3 Compounding the problem is the fact that
the actual kinetics of chemical reactions in gas mixtures of
practical interest are not fully understood, and the uncertain-
ties in reaction rate values can be very high.4 On the other
hand, flow simulations made by means of the local chemical
equilibrium assumption have the potential of yielding results
at a fraction of the computational cost associated with an
equivalent finite rate calculation.

A flow solver based on local chemical equilibrium will have
to include five equations in three space dimensions instead of
N + 4 that are necessary for a finite rate solver, where N is the
number of chemical species. Moreover, the equilibrium com-
position of a mixture of gases is well known from classical
thermodynamics,5 and the thermodynamic data for gaseous
species are well established. Unfortunately, local chemical
equilibrium is only a limiting case of the "real life" finite rate
chemistry, with the limit taken for reaction rates going to
infinity,6 and the accuracy of its predictions should be investi-
gated for each class of problems of interest. Nevertheless, the
aforementioned numerical and physical difficulties associated
with finite rate simulations render local chemical equilibrium
a very attractive tool for the scientist and the engineer, in
particular when the driving consideration is a relatively inex-
pensive inclusion of "real-gas" effects.

Flow simulations in local chemical equilibrium have been
attempted by several investigators. Davy et al.7 present viscous
calculations for a Jovian atmospheric entry; Desideri et al.8
compare blunt-body calculations made with a five-species air
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model and both local chemical equilibrium and finite rate
chemistry; Liou9 applies a three-dimensional parabolized
Navier-Stokes (PNS) code to internal flows of equilibrium air;
and Wang and Chen10 and Collins et al.11 study hydrogen/air
mixtures in engine nozzles.

In the present study, a methodology is presented that is
applicable to virtually any mixture of thermally perfect gases
in local chemical equilibrium. A "black box" solver,6'12 capa-
ble of evaluating the equilibrium composition and tempera-
ture of a mixture of gases at constant density and internal
energy, is coupled to a three-dimensional flow solver for the
thin-layer Navier-Stokes equations. A newly developed ap-
proximate Riemann solver of the Roe type is presented and
employed for the space discretization. The approach under-
taken is compatible with both finite rate and perfect-gas mod-
els,6 thus allowing for comparisons between the different ther-
mochemical models. Only minor modifications to existing
perfect-gas codes would be necessary to implement the local
chemical equilibrium capabilities, and the approximate
Riemann solver reduces nicely to the standard algorithm de-
veloped by Roe13 in the limit of no chemical activity.

The composition and thermophysical properties of dissoci-
ating and ionizing air have been curvefitted for a wide range of
state variables, and the curvefits have been extensively em-
ployed for simulations of flows in local chemical equi-
librium.5'9 Although a curvefit calculation is very competitive
in terms of computational requirements, the present approach
is more general, because it is not limited to a specific mixture,
albeit as important as air.

In the following, the basic thermodynamic properties of
mixtures of thermally perfect gases in local chemical equi-
librium will be described. The governing equations for a real-
gas flow will be presented, including a few considerations on
the modeling of transport properties. The numerical formula-
tion adopted will be briefly introduced and the approximate
Riemann solver derived in some detail. A few numerical re-
sults for both inviscid and viscous test cases will illustrate the
capabilities of the code and the efficiency of the proposed
approach.

Real-Gas Mixtures
Thermodynamic Model

At high temperatures, imperfect-gas effects are due to
chemical changes in the amount of mass of each species and to
the activation of internal energy modes that behave nonlin-
ear ly with temperature. As long as the pressure is sufficiently
low, away from the gas triple point, each species of the gas
mixture will behave as a thermally perfect gas. Moreover, if
the flowfield is assumed to be in local chemical equilibrium,
then it follows from thermodynamic considerations that only
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two state variables are necessary to describe its condition at a
given time and for every point in space.

In the following, a gas mixture composed of N species is
employed, and density p and temperature Tare selected as the
two fundamental state variables. The internal energy e can be
expressed in terms of species contributions employing the
usual mixing rule

N N I p r
r*? - F yIS^S ~ LJ IS\

S = 1
(1)

where the species mass fraction Ys = Ys(p, T) = p5/p, and the
species specific heat at constant volume cVs = cVs(T) have been
introduced. In the previous equation, hfs is the species heat of
formation at the reference temperature jTref.

The equilibrium specific heats can be obtained as functions
of temperature and density derivatives of the mass fractions,
as follows:
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where the mixture enthalpy h = e + RT has been introduced,
and the gas constant R and the frozen specific heats cv and cp
can be obtained from the mixture rule, as follows:

(3)

Unless otherwise noted, partial derivatives with respect to the
temperature are taken at constant density and vice versa.

The thermal equation of state, which is a relationship be-
tween pressure and temperature, is given by Barton's law:

P = £ PsRsT = pRT
s= 1

(4)

The state relationship of the pressure to the specific internal
energy occurs implicitly through the temperature. For a given
chemical composition and internal energy, the temperature
must be evaluated from the caloric equation of state, Eq. (1).

Speed of Sound
The speed of sound for a mixture in local chemical equi-

librium is determined to be6

op
(5)

where the isentropic index F = F (p, T) is given by the
following:

T =

_p_ "8YS
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N

dh/dT R+ Ts^Rs(dYs/dT)
de/dT = l + ~c~v

(6)

In the previous equation, 7 is the ratio of the partial derivative
of enthalpy with respect to temperature at constant density to
the partial derivative of the internal energy with respect to
temperature, where the latter is the specific heat at constant

volume cv. The use of the isentropic index preserves the sim-
plicity of the formula for the sound speed, but the functional
dependence of this index from density and temperature is
relatively involved.

There are at least four different "gammas" that can be
defined for a gas in chemical equilibrium: the isentropic index
F, the ratio of specific heats 7, the ratio of frozen specific
heats 7 = cp/cv, and the ratio of enthalpy and internal energy
derivatives 7. For a frozen flow, all four of these quantities
will reduce to the same value, but for general flow conditions
their values will remain different.

Black Box Solver
In a gas mixture in local chemical equilibrium, the knowl-

edge of two state variables is sufficient to determine the mix-
ture composition and all of the other thermodynamic state
variables. For flows in local chemical equilibrium, it follows
from a careful consideration of the governing equations that
the two state variables that can be assumed to be known are
density and internal energy.6'12 The present study employs a
black box solver for the determination of the chemical equi-
librium composition of an arbitrary mixture of thermally per-
fect gases at constant density and internal energy,6'12 which
allows the user to choose between two different techniques.
The first one utilizes a modified form of the laws of mass
action in addition to elemental mass constraints, plus an en-
ergy equation. The second approach exploits the concept of
degree of advancement of a chemical reaction to reduce the
number of equations to be solved at each iteration. Both
techniques have been proven to be robust and efficient, al-
though the former method seems to be slightly more robust
and the latter slightly more efficient.12

After the equilibrium composition is determined, the differ-
ent thermodynamic state variables can be evaluated. Some of
them require the knowledge of the partial derivatives of the
mass fractions with respect to temperature and density, e.g.,
Eq. (6). The black box is capable of providing these values at
virtually no extra cost.6

The numerical algorithm chosen for both techniques is a
Newton-Raphson linearization, followed by a direct inversion
of the resulting linear systems, performed by means of a
lower-upper (LU) decomposition of the Jacobian matrix. The
algorithms vectorize over the number of computational cells,
and they are easily implemented in a massively parallel archi-
tecture. To reduce the global CPU time for equilibrium calcu-
lations, strategies for selective freezing of the LU decomposi-
tion have been studied and implemented.6

Governing Equations
Flow Equations

The governing differential equations for a gas in local chem-
ical equilibrium, using generalized curvilinear coordinates,
read

o(Q\ d(F-Fv) d(G-Gv) d(H-Hv) _
ot\j) d£ drj df (7)

where Q is the vector of conserved variables; F, G, and H are
the inviscid flux vectors; Fv, Gv, and Hv are the viscous flux
vectors; and J is the Jacobian of the transformation between
Cartesian and generalized coordinates

n (8)

The vector Q reads

Q =

P
pu
pv
pw

(9)
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where u, v, and w are the Cartesian components of the veloc-
ity vector u, whose magnitude will be denoted by q, and e0 is
the total internal energy, e0 = e + q2/2.

Denoting by S the inviscid flux vector in the generic direc-
tion k, where S = F when k = £, and similarly for the other
space coordinates, one can write

$ = \Ak\
pu/3k + kxp
pv(3k + kyp (10)

where h0 is the total enthalpy, H0 = h + <?2/2; kx, ky, and kz
are normalized metric terms, and &k is the relative contravari-
ant velocity component in the k direction

= kxu kyv k7w (U)

which is the difference between the absolute contravariant
velocity Ok and the velocity associated with the time rate of
change of the curvilinear coordinate - kt.

In the present study, the viscous flux vectors are simplified
by means of the thin-layer approximation,14 which amounts to
neglecting gradients of physical properties in all but one direc-
tion, the one normal to a solid wall. Denoting by Sv the viscous
flux vector in the direction k, normal to a solid wall, one can
write, after some algebra,

\Ak\2

0

(12)

where
- dv ~ dw

xdk
(13)

and the mixture viscosity coefficient /* and thermal conductiv-
ity coefficient K have been introduced. More details on the
derivation of appropriate values for ju, and K are given in the
next subsection.

The previous equations do not include the effect of diffu-
sion (transport of mass) due to inhomogeneity in composition
between different points in the flowfield. Accounting for dif-
fusion would require writing additional partial differential
equations for the elemental species7 and is beyond the scope of
this study. Similarly, in agreement with most flowfield simula-
tions involving gases, body forces (and gravity in particular)
are neglected.

The mathematical closure to the system of partial differen-
tial equations presented is given by the thermal equation of
state, Eq. (4), and the black box, which provides species mass
fractions and temperature as functions of density and internal
energy.

Transport Properties
Once the chemical composition of a point in the flowfield is

known, the corresponding transport properties can be evalu-
ated. The determination of laminar mixture viscosity ^ and
thermal conductivity K usually proceeds in two steps: the spe-
cies values are calculated first, and then an appropriate mixing
rule is applied to determine the global values.15 In the present
study, two options have been implemented for the evaluation
of species values: the first one is the commonly used Suther-
land's law14; the second one is the curvefit tabulations by
Gupta et al.,15 which are valid for air chemistry models includ-
ing up to 11 species. The mixture values are obtained by means
of two different options as well: the "standard" Wilke's rule3

and an improved mixture rule by Gupta et al.,15 which in-

volves tabulations of collision integrals for the same air
models.

For turbulent flows, the viscosity and thermal conductivity
are obtained by summation of laminar and turbulent contribu-
tions, where the Baldwin and Lomax model has been utilized
for the turbulent quantities.16

Numerical Formulation
The governing equations presented in the previous section

are discretized in space using upwind technology, in conjunc-
tion with finite volume ideas,17 and advanced in time by means
of a fully implicit scheme.18 Specifically, the inviscid fluxes are
discretized using an approximate Riemann solver of the Roe
type, to be discussed in more detail in the next section. Stan-
dard central differences are utilized for the viscous fluxes. The
implicit time integration is performed by means of the modi-
fied two-pass scheme.18'19 The inviscid Jacobians that are
needed for the left-hand side of the discretized equations are
obtained from the analytical differentiation of a Steger-
Warming-type solver.20 In the derivation, the isentropic index
F is assumed to be constant, in spite of the fact that it is a
nonlinear function of temperature and density.1'6'12 However,
this assumption does not seem to affect the robustness and
efficiency of the convergence process, as will be seen in the
preliminary results obtained. The viscous Jacobians are ob-
tained by a straightforward differentiation of the fluxes and
are presented by Cox.21

Approximate Riemann Solver
Flux-difference-split algorithms are based on the approxi-

mate or exact solution of local Riemann problems arising
from the consideration of discontinuous states at cell inter-
faces on an initial data line. The scheme developed for perfect
gases by Roe13 falls into this category and has produced excel-
lent results for both inviscid and viscous flow simulations.

At a cell interface, for a given time, it is possible to define
a left state, (.);, and a right state, ( . )<,, which correspond to
positive and negative extrapolations of cell-volume values,
respectively. Then a jump operator may be defined as
I( • )1 = ( • ) * - ( • )f- The key step in the construction of an
approximate Riemann solver22 involves determining appropri-
ate averages of eigenvalues X/, right eigenvectors Ef, and wave
strengths a/, such that

iei= (14)

for cell interface states that are not necessarily close to each
other, so that [Q] is arbitrary. The eigenvalues read

(15)

The eigenvectors are given as

pkz

6iwkx-pky

akx[hQ-a2/(y- 1)] + p(vkz - wky)

(16)

Oi/C y

- pkz

px

aky[h0-a2/(y-l)]+p(wkx-ukz)

(17)
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Cikz

<xukz + pky

akz [K0 - a2/(y - 1)] + p(uky - vkx)

where

(18)

1 "
u ±akx

v ±aky

w ± akz

,KQ ± §ka_
k = 4, 5 (19)

and the wave strengths read

(20)

«3 = —

k=4,5

where a is given by a. = p/V2#, and 7 = ̂  is some average of
the ratio of enthalpy and internal energy derivatives, defined
in Eq. (6). The solution of the approximate Riemann problem
involves determining algebraic averages p, w, /z0, 7, and a,
such that Eq. (14) are satisfied.

It is noteworthy that the aforementioned averages are not
unique. As pointed out by Abgrall,23 the algebraic problem
posed in Eq. (14) has multiple solutions, and different values
have been published in the literature for some of the Roe-type
averages.22'26 A careful examination of the different ap-
proaches shows that virtually the only discrepancy between
them is in the evaluation of averages of the pressure deriva-
tives with respect to density and internal energy. Abgrall,23

unlike all of the other investigators already mentioned, consid-
ers a mixture of gaseous species in his derivation. The present
approach is similar to the one he proposes but more clear and
not limited to one chemical composition only. The other ap-
proaches are geared toward curvefit calculations and would
not be easily applicable to problems involving arbitrary mix-
tures. More specifically, Vinokur24 and Glaister22 utilize rela-
tively involved formulas for the pressure derivative averages,
and Grossman and Walters25 present a more approximate
algorithm, valid for flows close to isentropic conditions.

In the present formulation, pressure derivatives are substi-
tuted by averages of y and F. The final formulas will not
become singular in smooth regions and will reduce nicely to
the ''usual'' Roe averages for a perfect-gas model. Denoting
the standard Roe average with the symbol (R, where

(21)

one determines the necessary averages as follows: p is given by
the *'usual" geometric average, p = Vp^pj the velocity vector
u = (R(w) (and similarly all of the Cartesian and contravariant
components); and the total enthalpy H0 - (R(/*o). The speed of
sound a reads

(22)

(23)

7 = 1 + -

In the previous equations, mixture gas constant R -
temperature f = (R(r), species internal energy es = (Rfe), and
mass fractions Ys = <R(YS) are given by Roe-type averages. On
the other hand, species specific heats at constant volume and
mass fraction derivatives appeared in the previous expressions
with a bar above them. These quantities are averaged by
means of integral averages between the left and right states.
Vinokur24 discusses a procedure that would eliminate the dis-
cretization error involved in an approximate evaluation for
these averages, but the final result is relatively involved.
Instead, the simple trapezoidal rule has been used in the pre-
sent study to approximate the integral average, which is tan-
tamount to using the arithmetic average: cv§ = [cVs(Ti) +
cV5(rj]/2, with similar results for the mass fraction
derivatives.

The approximate Riemann solver is implemented by com-
puting the cell fluxes at a generic face (/ + 1/2) as a summa-
tion over wave speeds

Si+ 1/2 - + Sd ~ l a/ 1 A/ \Et (24)

When the monotone upstream-centered schemes for conserva-
tion laws (MUSCL) approach is employed, right and left states
are evaluated using high-order interpolation formulas, applied
to primitive or characteristic variables. When the flux interpo-
lation approach is utilized, the previous expression Eq. (24)
corresponds to the first-order contribution, and high-order
terms may be added18'19 to render the scheme second- or
third-order accurate. These additional terms will involve ei-
genvalues, right eigenvectors, and wave strengths, which have
been given in Eqs. (15-20). The latter approach has been
implemented in the present study.

Numerical Results
A few preliminary results in two space dimensions, both

inviscid and viscous, are presented in the following. They
include a Mach 10 external airflow over a blunt 9-deg half-an-
gle cone, a simulation of the hydrogen/oxygen flow inside the
Space Shuttle main engine (SSME) nozzle, and a Mach 10
airflow in a supersonic inlet. The airflow cases utilize a simple
5-species model,6 which was found to yield essentially the
same predictions as more refined 17-species models for the
ranges of temperature and density of interest.21 The hydro-
gen/oxygen flow involves six species, namely, O2, H2, OH,
H2O, O, and H. A second-order accurate space discretization
with the Van Leer limiter,18 in conjunction with the Riemann
solver of the Roe type already discussed, was used for the first
two calculations presented. A third-order accurate upwind
biased scheme was employed for the third test case, and the
minmod limiter was utilized.18

Blunt Cone, Inviscid
Figure 1 depicts the cone geometry and the 71 x 26 grid

employed for the inviscid calculations. The nose radius is 2.5
in., or 6.35 cm. The freestream conditions are Mach number
MO, = 10, zero angle of attack, pressure /?«, = 26.5 x 103 Pa,
temperature T* = 223 K, and density p^ = 0.414 kg/m3. The
results obtained with a perfect-gas thermochemical model are
compared with those employing local chemical equilibrium.

Figure 2 shows temperature profiles along the stagnation
streamline. Both temperature levels and shock location are
strongly affected by the inclusion of real-gas effects. The
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case. The CPU time and iteration number requirements of the
solver were compared with the values obtained when running
the perfect-gas model, and several CPU-saving techniques
were implemented and tested on a Cray Y-MP.

The convergence strategy adopted for all calculations is the
following: the first 100 cycles are run with a Courant-
Friedrichs-Lewy (CFL) number of 0.5 and first-order space
accuracy; the following 100 cycles are run with a CFL number
of 1.0 and second-order upwind19 accuracy; the next 100 cycles
are run with a CFL number of 2.0; afterwards the CFL num-
ber is increased to 4.0 until a total of 1000 cycles is run, with
a residual reduction of almost five orders of magnitude. The
perfect-gas calculation was completed in roughly 3.5 CPU
min.

Figure 5a shows the normalized residual reduction vs CPU
time for the perfect-gas case and three different runs of the
local chemical equilibrium code. The symbols on the chemical
equilibrium curves correspond to the completion of 100 cycles.
Case 1 is a baseline run, with the chemical equilibrium compo-
sition evaluated at every cycle, and it takes 53 CPU min to
reach a comparable residual reduction. It may be noticed that

Fig. 1 In viscid grid around a blunt cone with a 9-deg half-angle.
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Fig. 2 Temperature vs distance along the stagnation streamline;
blunt cone, in viscid.

perfect-gas results in this flow regime are unsatisfactory, as
expected. The density profiles, not shown here, follow the
same trend. Higher densities in the shock layer and shock
locations closer to the body are characteristic of reactive
flows.1 A plot of the temperature on the body surface is shown
in Fig. 3, and it depicts the cooling of the flow as it moves
around the body. Although large temperature differences exist
between the perfect-gas model and the reactive model in the
nose region, the colder flow on the shoulder shows a good
agreement between the two predictions. This is justified by
examining the mixture composition on the body surface, re-
produced in Fig. 4. The mixture is virtually all recombined in
the frustrum region.

Unlike temperature and density, the pressure on the body is
not strongly affected by the change in the thermochemical
model. This is a well-known fact,1 justified by the "mechani-
cal" instead of "thermodynamic" nature of pressure.

Numerical Efficiency
The numerical efficiency of the local chemical equilibrium

solver was investigated using the previous geometry as a test

t'15-

O-- - -Q Perfect Gas
5-Species Air

Fig. 3 Temperature vs distance along the body surface; blunt cone,
in viscid.

X/RN

Fig. 4 Mole fractions vs distance along the body surface; blunt cone,
in viscid.
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a considerable amount of time is spent in the first few hundred
cycles, when the solution goes through a numerical transient.
However, even when convergence starts accelerating, the CPU
requirements are very high for this case. This relative ineffi-
ciency was found to be caused by the procedure adopted to
improve the vectorization of the black box. Specifically, the
iterations that yielded chemical composition and temperature
at every computational cell involved all of the cells of the
flowfield, until every one of them converged. This strategy
results in a large vector length for a vector processor (the
entire number of computational cells) but requires carrying
along an increasingly large number of converged cells, until
convergence of the entire vector is achieved. At this point, a
vector reduction capability was added to the code,27 whereby
the vector of computational cells that goes through an itera-
tion is reorganized at the beginning of the iteration by elimi-
nating the converged cells. Consequently, the vector has a
length that varies from iteration to iteration, and some non-
vectorizable logic is necessary to achieve vector reduction.
However, the overhead associated with the process is signifi-
cantly outweighed by the gained efficiency of the black box
iterations. This is demonstrated by case 2 in Fig. 5a, which is

Pert. Gas
Chem. Eq. #1
Chem. Eq. #2
Chem. Eq. #3

0 5 10 15 20 25 30 35 40 45 50 55 60
CPU Time (min)

Fig. 5a Comparison of normalized residuals vs CPU time.

Pert. Gas
Chem. Eq. #3
Chem. Eq. #4
Chem. Eq. #5

o Chem. Eq. #3
+ Chem. Eq. #4
A Chem. Eq. #5

0 200 400 600 800 1000
# Cycles

Fig. 6 Comparison of normalized residuals vs number of iterations.

2 3 4 5 6
CPU Time (min)

Fig. 5b Comparison of normalized residuals vs CPU time (con-
cluded).

similar to case 1 but employs the vector reduction procedure.
The CPU time requirement is dramatically reduced.

Another significant reduction in CPU time requirements is
achieved by starting some "freezing" procedures, whereby the
chemical composition of each computational cell is not up-
dated at every time step; instead it is frozen at the current
value and updated after a specified number of cycles have
been completed. In this procedure, the temperature is still
updated every cycle by solving the caloric equation of state,
Eq. (1), but the species mass fractions are not recalculated in
the intermediate cycles. Case 3 shows a calculation performed
by using the following procedure: the chemical composition is
evaluated every 5 time steps for the first 100 cycles, every 10
time steps for the following 200 cycles, every 25 time steps for
another 100 cycles, and then every 50 time steps until conver-
gence. The final result is a run that takes approximately 7.7
min. It may be noticed from the picture that almost the entire
additional CPU time that case 3 requires when compared with
the perfect-gas run lies in the initial transient (first 200 cycles),
when the flow is rapidly changing and the shock is moving
from the body surface toward its final location.

A little improvement over case 3 is still possible, as shown in
Fig. 5b, by experimenting with the freezing strategy. Case 4
implements the following procedure: chemical composition
updated every 10 cycles for the first 100 time steps, every 20
cycles for the following 200 time steps, and every 50 cycles
afterwards. The final result is somewhat improved, but.the
CPU requirements do not seem to be a very sensitive function
of the specific strategy implemented. This conclusion seems to
be confirmed by case 5, whereby the chemical composition is
updated every 20 iterations for the first 200 cycles and every 50
iterations afterwards. It may be noticed from the plot that a
very marginal improvement over case 4 in the first 200 cycles
(the first two symbols) is then dissipated and translates into a
negligible overall gain. The CPU time required for case 5 is
approximately 7 min.

Figure 6 shows that all of the previous runs behave very
similarly in terms of residual reduction vs number of cycles.

At this point, it may be useful to stress that finite rate
calculations with five (or more) chemical species would require
CPU times that are significantly more than a twofold increase
over a perfect-gas calculation, as seen with the present
technique.

SSME Nozzle, Inviscid
The geometry of the SSME nozzle and the 88 x 31 grid used

for the inviscid computations were obtained from Wang and
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Fig. 7 Inviscid grid for the SSME nozzle.
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Fig. 8 Temperature vs axial distance; SSME nozzle, inviscid.
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Fig. 9 Composition along the wall; SSME nozzle, inviscid.

Chen10 and are shown in Fig. 7. Combustion chamber condi-
tions correspond to 100% power at sea level and are hydro-
gen/oxygen ratio of 6.0, Mach number Mc = 0.2, temperature
Tc = 3639 K, and pressure pc = 20.24 x 106 Pa. Simulations
were made using both the perfect-gas model with 7 = 1.18 and
the six-species hydrogen/oxygen model already introduced.

The temperature profiles along the centerline and the wall
of the nozzle are given in Fig. 8. The axial distances shown in
this and the following figure are referenced to the throat
location. Higher temperatures for the reacting solution occur,

starting at a point just past the throat. As shown in Fig. 9, the
flow in the diverging portion of the nozzle is dominated by
recombination reactions, affecting hydrogen and oxygen, and
successive combustion of the recombined species. Both sets of
reactions are exothermic in nature.

Similar computations were made by Wang and Chen,10

using a pressure-based flow solver and equilibrium chemistry.
Comparisons of the real-gas solutions obtained in the present
study with the results by Wang and Chen are made in Fig. 10,
where the Mach number profiles are plotted. The figure shows
excellent agreement between the two sets of results, with the
exception of the throat region. The present method appears to
do a better job of capturing the rapid expansion at the wall. It
should be noted that Wang and Chen use artificial dissipation

5-

2-

1 -

— Present Results (Centerline)
- Present Results (Wall)
o Wang and Chen (Centerline)
A Wang and Chen (Wall)

- 2 - 1 0 1
X/D,.

Fig. 10 Mach number vs axial distance; SSME nozzle, inviscid.

Fig. 11 Viscous grid for the supersonic inlet.
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Fig. 12 Pressure vs axial distance; supersonic inlet, viscous.
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X/D
Fig. 13 Temperature vs axial distance; supersonic inlet, viscous.
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• ----•5-Species Air

4.0
J^IU

Fig. 14 Mach number, pressure, and temperature along the center-
line; supersonic inlet, viscous.

in their scheme, which is probably the reason for the smearing
of their results.

The specific impulse of the SSME nozzle was computed to
be 460.0 s, which is also in excellent agreement with the value
460.4 s predicted by Wang and Chen.10

Supersonic Inlet, Viscous
The inlet considered is composed of a flat-surfaced cowl

and a 10-deg ramp, with an inlet height D = 2 m and an exit
height of 0.5D. The overall length is 4.25Z), and the cowl
length is 0.5Z). Conditions at the inlet are Mach number
Moo = 10, pressure /?«, = 1015 Pa, density p^, = 1.172 x 10~2

kg/m3, temperature T^ = 300 K, and Reynolds number based
on the inlet height ReD = 4.4 x 106. Figure 11 depicts the inlet
geometry and the 111 x 61 grid used for the turbulent calcula-
tions, which were performed with both the perfect-gas model
and the five-species air model. Grid packing at the wall re-
sulted in y + values less than 1, which is considered adequate to
define the viscous sublayer. Laminar viscosity and thermal
conductivity coefficients were obtained by means of Wilke's
rule and Sutherland's law.

The pressure profiles along the top and bottom walls of the
inlet are represented in Fig. 12. They are not strongly affected
by the consideration of local chemical equilibrium. The same
holds true for the skin friction coefficient, not shown here. On
the other hand, the temperature profiles, shown in Fig.
13, demonstrate that the perfect-gas model overpredicts
temperature.

Examination of Mach number, temperature, and pressure
profiles along the centerline, as depicted in Fig. 14, shows that
there is very little difference between the solutions for the two
thermochemical models other than the reduced shock angle
for the reactive case. This results in the incident shock on the
top wall for the reactive solution being located slightly down-
stream of the one for the perfect-gas solution. Overall, the
real-gas effects are local to the boundary layer and have the
greatest impact on the surface temperatures.

Concluding Remarks
An efficient flow solver has been developed for arbitrary

mixtures of thermally perfect gases in local chemical equi-
librium. An approximate Riemann solver of the Roe type has
been proposed in the context of finite-volume technology for
the accurate solution of high-velocity, high-temperature flow
problems. The present approach compares favorably with ex-
isting calculations, and results in reactive flow predictions
obtained at a fraction of the computational cost of finite rate
chemistry investigations.

Future work is necessary to further validate the technique
proposed in three space dimensions. Moreover, a multiblock
extension of the present approach is being planned, which
would allow the investigation of more complex geometries of
practical interest.
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